A NOTE ON MIXED VARIABLE MATHEMATICAL PROGRAMS

Isaac Siwale'

Abstract

This note introduces GENO—a commercial solver for generalised disjunctive and mixed variable non-linear
mathematical programs (amongst others)}—and presents new benchmark results for some mixed integer
programming examples that have recently been reported in the literature.
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1 Introduction

Recently there has been a marked increase in the development and use of mixed integer optimisation models
formulated directly or via generalised disjunctive techniques, particularly in process systems engineering.
Grossmann (2002) reviews the algorithmic techniques that are currently available for solving such models. The
purpose of this note is to introduce GENO? — a commercial solver based on an evolutionary algorithm that
readily accommodates mixed variable models — and to present new benchmark solutions for some mixed integer

programming examples that have recently been reported in the mixed integer programming literature.

2 The GENO Code

GENO is a real-coded genetic algorithm that can be used to solve uni- or multi-objective optimisation problems.
The problems presented may be static or dynamic in character; they may be unconstrained or constrained by
equality or inequality constraints, coupled with upper and lower bounds on the variables. The variables

themselves may assume real or discrete values in any combination.

Although the generic design of the algorithm assumes a multi-objective dynamic optimisation problem, GENO
may be “specialized” for other classes of problems such as the general static optimisation problem, the mixed-
integer problem, and the two-point boundary value problem, by mere choice of a few parameters. Thus, not only
can GENO compute different types of solution to multi-objective problems, it may also be set to generate real or
integer-valued solutions, or a mixture of the two as required, to uni-objective static and dynamic optimisation
problems of varying types. These properties are easily pre-set at the problem set-up stage of the solution process.
A detailed description of the algorithm is beyond the scope of this note:” rather, the aim here is to demonstrate its

capabilities on mixed-variable optimisation problems via several numerical examples as follows.

! Ike’s Research Ltd, 265 Southcroft Road, London, SW16 6QT, England. email: ike@siwale.fsbusiness.co.uk

2ENO is an acronym for General Evolutionary Numerical Optimiser.

® A free trial-version of the program can be obtained by contacting current vendors at: info@Aptech.com
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3 Examples

The first two examples present new benchmark solutions for MINLP test problems used by Babu and Angira
(2002) and Costa and Oliviera (2001) to test their algorithms; Example 3 is a mixed integer version of a well
known test problem; Example 4 serves to illustrate GENO's capability on general mixed variable Non-linear

Programs; whereas Example 5 serves to illustrate how generalised disjunctive programs are handled.
Example 1: [Source: Babu and Angira (2002)]

minJxy =@y, D* (v, D° vy D In(y, D x D x, 2" (x, 3

Subjectto: y, y, y, X, X, x, 5 0 yi x} x5 x3 55 0
Xy, 12 0 x, y, 1.8 0
X, y, 25 0 x, y, 1.2 0
x; y, l1.64 X; y: 425 0
X; y, 4.64 x [0, )
y {01
[. GENO Output
Generation Objective
0 52.450000
50 3.381287
100 3.370077
150 3.369823
200 3.369816
250 3.369816
300 3.369816
350 3.369811
400 3.369810
500 3.369810

Optimal Continuous Variable Vector:

Optimal Discrete Variable Vector:

Objective Function Value:

Il. Remarks

J(x, y) = 3.369810

X =(0.138449, 0.799999, 2.061552)
y=(,101T

This problem was originally proposed by Floudas, et al. (1989) and was subsequently tackled by others using
various techniques; the latest effort appears to be that by Angira and Babu (2002) who used a differential
evolution algorithm. The best known solution has hitherto been as follows:

J(X,y)=23.557466;  x=(0.200000, 1.280557, 1.954526) ; y=(1,0,0,1)"

As can be seen above, the solution by GENO is fundamentally different (note the discrete variable vectors) and
significantly better than the best known solution thus far.
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Example 2: [Source: Babu and Angira (2002)]

1
50 I x,) 50 Xy
0.8[1 exp( 0.4x,)] 0.9[1 exp( 0.5x,)]

minJ x =7.5x, 5.5 x,) 7x, 6x

Subjectto:  0.9[1 exp( 0.5x,)] 2x, O

0.8[1 exp( 04x,)] 2(1 x,) O

x, 10x,

x, 100 x,)

X, [0, ) x, [0, ) x; {0,1}

[. GENO Output
Generation Objective
0 107.966428
10 99.240140
20 99.239680
30 99.239680
40 99.239635
50 99.239635
60 99.239635
70 99.239635
80 99.239635
90 99.239635
100 99.239635
110 99.239635
120 99.239635
130 99.239635
140 99.239635
150 99.239635
160 99.239635
170 99.239635
180 99.239635
190 99.239635
200 99.239635
Optimal Variable Vector: X =(3.514237,0.000000, 1.000000) T

Objective Function Value: J (X) =99.239635

Il. Remarks

This problem was originally proposed by Kocis and Grossmann (1989). It is a process synthesis model in which
the objective is to select two candidate reactors in order to minimise the production cost.

The problem has subsequently been tackled by others using various techniques, and the latest effort appears to be
that by Angira and Babu (2002) who used a differential evolution algorithm. The best function value has hitherto
been 99.245209.

Again, GENO finds a better solution than the best solution known thus far albeit marginally.
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Example 3: [Source: Hock and Schittkowski (1981, p.102)]

minJ X =53578547x7  0.8356891x,X, 37293239, 40792.141

Subjectto: 0 85334407 0.0056858x,X, 0.0006262X X, 00022053X,x, 92
90 80.51249 0.0071317x,X, 0.0029955x X, 0.0021813x> 110
20 9.300961 0.0047026x,X, 0.0012547x X, 0.0019085X,X, 25

X, [78,102]; x, [33,45]; X, [27.45]; X, [27.45]; X, [27,45]

[. GENO Output
Generation Objective
0 27340.950479
50 30664.656937
100 30664.673118
150 30665.455565
200 30665.538508
250 30665.538508
300 30665.538560
350 30665.538666
360 30665.538669
380 30665.538669
400 30665.538669
420 30665.538669
440 30665.538669
460 30665.538669
480 30665.538669
500 30665.538669
Optimal Variable Vector: X =(78.000000, 33.000000, 29.995256, 45.000000, 36.775813) T

Objective Function Value: J (X) = 30665.538669

[Il. Remarks

Both Babu and Angira (2002) and Costa and Oliviera (2001) present an example similar to this one with some
constants slightly different from those above but a significantly different optimal function value. Here however,
an MINLP reformulation of the original model is preferred because it has a wider set of comparative solutions.*

The original source of this problem is reputed to be the Proctor and Gamble Corporation, and the earliest
reference appears to be Colville (1968). It has featured in many empirical studies on numerical optimisation
including Himmelblau (1972), Hock and Schittkowski (1981), Homaifar, et al. (1994), Michalewicz and Fogel
(2000), and Coello Coello (2000).

The best known solution still remains as that reported 20 years ago by Hock and Schittkowski (1981) using the
Generalised Reduced Gradient (GRG) method. The GRG solution to five decimal places is:

x = (78.000, 33.000, 29.995, 45.000, 36.776)" ; J(X) = -30665.53867

As can be seen from the results above, GENO computes the exact same solution even when treated as a mixed
integer optimisation problem.

* Following Costa and Oliviera (2001) the integer variables were taken to be x;, and x,
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Example 4: [Source: Coello Coello (2000)]

minJ X =0.6224x,x,X, 1.7781x,X] 3.1661x,x’ 19.84X,x
Subjectto: X, 240 0
X, 0.0193x, 0

X, 0.00954x, 0
2 4 3
X; X, 3 X; 1296,000 0

x, [0.0625,99] {x,:x, 0.0625N,N }, i L2; x

[10.0,200],i 3,4

. GENO Output >
Generation Objective 1 Objective 2
0 1500647.737740 0.000000
100 6059.828502 0.000000
200 6059.715394 0.000000
320 6059.714347 0.000000
340 6059.714347 0.000000
360 6059.714336 0.000000
380 6059.714336 0.000000
400 6059.714336 0.000000
440 6059.714336 0.000000
480 6059.714336 0.000000
500 6059.714336 0.000000
Optimal Variable Vector: X =(0.812500, 0.437500, 42.098446, 176.636596) T

Objective Function Value: J (X) = 6059.714336

[Il. Remarks

This problem has previously been tackled by Deb (1997) using GeneAS (Genetic Adaptive Search); by Kannan
and Kramer (1994) using an augmented Lagrangian multiplier method; and by Sandgren (1988) using a branch
and bound technique; and by Coello Coello (2000) using a genetic algorithm. Coello Coello (2000, p.18)
presents a comparison of these methods together with his technique: the table below is an extract from there to
which has been appended the result by GENO.

Coello Coello Deb (1997) Kannan, et al. Sandgren GENO

Best Function Value 6069.3267 6410.3811 7198.0428 8129.1036 6059.714336

As can be seen, the solution by GENO is by far the best amongst those considered; in fact, as of this writing, it is
the best known solution. Note also that in the final solution vector, X; and X, are integer multiples of 0.0625 as
required. Although Hedar and Fukushima (2005, p.19) claim to have found a better solution valued 5868.764836,
it should be noted that their solution ignores the discreteness restriction on x; and x,, and so their algorithm
cannot, strictly speaking, be compared to GENO.

* Legend: Objective 1 is the actual function being minimised; Objective 2 is a merit function for an auxiliary program (see Siwale: 2006).
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Example 5: [Source; Lee and Grossmann (2000)]

mxin J(X)=x,

Subjectto: x, 8 x, 0
X, 5 x, 0
x, 6 x, O
Y Y, Y

Where: Y, (x, x; 5 0; Y, (x, x, 2 0
x, x, 1 0; Y (x, x

2
Y3 (Xl XZ 5 O) ; Y3 (XZ Xl O)

x, {0,1}; i 4,56; Y, {True False}; i 1,2,3
x, [0, ); 1 1,237
[. GENO Output 6
Generation Objective
0 92193810385651892000.000000
10 6586481546.200001
20 17.270000
30 12.081000
40 11.059000
50 11.012100
60 11.000000
80 11.000000
100 11.000000
Optimal Variable Vector: X = (3.000000, 0.000000, 1.000000, 0.000000, 1.000000, 0.000000, 11.000000) T

Objective Function Value: J (x) = 11.000000

Il. Remarks

This is a simple Generalised Disjunctive Program (GDP) whose purpose is to illustrate how GENO may be
programmed to solve such problems via the Big-M relaxation method. Techniques for converting a GDP into an
MINLP are detailed in Raman and Grossmann (1991): essentially, logic propositions of the form Y, g(x) 0

are replaced by inequalities of the formg (x) M( y,); propositions of the form Y, g (x) 0 are replaced
byg (x) My,; and the proposition Y, Y, Y, translates into the inequalityy, y, y, 1. The resulting

MINLP is coded in a straight forward manner with the Big-M parameter simply declared as ‘large’ — a GENO
constant which is preset as 10*’ (see the GAUSS/GENO code listed below).

Note that in other solution methods, a judicious choice of the Big-M parameter is imperative because

“If the value [of M] is too small, then feasible points may be cut off. If [the value] is too large, then the continuous
relaxation might be too loose yielding poor lower bounds” (Paraphrased from Lee, S. and I. E. Grossmann: 2005).

Often, it is recommended that ‘Big-M’ be determined by an auxiliary optimisation problem. But with GENO, this
step is not necessary: the Big-M parameter needn’t be “optimised” or known in advance!

6 The 0-1 binary variables used in the Big-M relaxation are X4, X5 and X.
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// A constrained uni-objective static optimisation problem
// Source: Lee and Grossmann (2000)

#definecs p maxgens 500
#definecs p popsize 30
#definecs p agents 1
#definecs p order 7
#definecs p plan 1

#include static_gep_defaults.src

let vars[p agents, p order] =1 1 1 1 1 1 1;
let discrete var[p_order] =0 0 0 1 1 1 0;
adj mode = "s";

solution type = "e";

maximise = false;

timer = true;

sol mtx check = true;

constraints_ check = true;

//cross-over probabilities

p_s_xover = 0.55;

p_a_xover = 0.55;

p_b_xover = 0.00;

p_h_xover = 0.55;

p_d_xover = 0.55;

p_shuffle = 0.00;

d factor = 0.80;

quantum_0 = 0.1;

rand_ seed = 240657;

proc (1) = m rate(i,d); retp(0.05); endp;

proc (1) = bm rate(d); retp(0.005); endp;

//The evaluation function
proc (2) f(i, d, v_array);
local c,fv,u,x,z;
u = matinit (order, plan, 0);
X matinit (order, horizon, 0);
{u,x} = assign_sequences(i,d,u,x);
c = constraints(0,x,horizon);
v_array = evaluate constraints(c,v_array);
fv = objective (0,x,horizon);

retp (fv,v_array);

endp;

//The objective function

proc (1) = objective(z,x,k);

local fv;
fv = x[7,k];
if (maximise); fv = fv; else; fv = -fv; endif;
retp (fv) ;

endp;

//The functional constraints

proc (1) constraints(z,x,k);
local ¢, M; ¢ = zeros(10,1);
M = large;
c[1l] = x[1,k] - x[3,k] + 5 = M*(1 - x[4,k]);
c[2] = x[3,k] - x[1,k] + 2 - M*x[4,k];
c[3] = x[2,k] - x[3,k] + 1 - M*(1 - x[5,k]);
cl4] = x[3,k] - x[2,k] + 6 - M*x[5,k];
c[5] = x[1,k] - x[2,k] + 5 = M*(1 - x[6,k]);
c[6] = x[2,k] - x[1,k] - M*x[6,k];
c[7] = x[1,k] + 8 - x[7,k];
c[8] = x[2,k] + 5 - x[7,k];
c[9] = x[3,k] + 6 - x[7,k];
c[10] 1 - x[4,k] - x[5,k] - x[6,k];
retp (c);
endp;
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4 Summary

This note has introduced GENO — a solver for generalised disjunctive, and mixed variable non-linear programs
(amongst others). Several numerical examples solved using GENO were presented and new benchmark results
(see Examples 1, 2 and 4) were identified for designers of other algorithms to aim for. GENO may easily be

programmed to solve generalised disjunctive programs via the Big-M relaxation technique.
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